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Quantum probing topological phase transitions by
non-Markovianity
Gian Luca Giorgi1,∗, Stefano Longhi2,3, Albert Cabot1, and Roberta Zambrini1
Understanding the physical significance and probing
the global invariants characterizing quantum topolog-
ical phases in extended systems is a main challenge
in modern physics with major impact in different areas
of science. Here we propose a quantum-information-
inspired probing method where topological phase tran-
sitions are revealed by a non-Markovianity quantifier.
We illustrate our idea by considering the decoherence
dynamics of an external read-out qubit that probes a
Su-Schrieffer-Heeger (SSH) chain with either pure de-
phasing or dissipative coupling. Qubit decoherence
features and non-Markovianity measure clearly signal
the topological phase transition of the SSH chain.
1 Introduction
The discovery of the quantum Hall effect [1, 2] has revolu-
tionized our understanding of quantum phases of matter,
with major impact in different areas of physics. Symmetry-
protected topological phases are characterized by topolog-
ical invariants and symmetries such that quantum phases
with different topological invariants are not connected
to each others by perturbations, unless a spectral gap is
closed. Remarkable examples are quantum Hall systems
[1,2], topological insulators, and topological superconduc-
tors [3–5]. While in conventional Ginzburg-Landau theory
phase transitions are identified by symmetry-breaking
of a local order parameter [6], topological phases are
described by global invariants such as the Zak phase
[7,8], the Chern number [9,10], or the Thouless-Kohmoto-
Nightingale-denNijs invariant [11].
Since non-local topological invariants can escape a direct
measure, identifying ways to relate topological invariants
with measurable quantities has engaged physicists for
long time. The bulk-boundary correspondence [5], relat-
ing the bulk topological invariants with the number of
edge states in finite systems with open boundaries, pro-
vides the simplest route to measure topological numbers
[12–14]. However, edge states are not always accessible
and the bulk-boundary correspondence can even fail in
certain models, such as in non-Hermitian systems [15,16].
Direct measurements of topological invariants in the bulk
have been proposed and demonstrated in a series of ex-
periments with synthetic matter, such as those based on
Bloch oscillations [17, 18], unitary and non-unitary quan-
tum walks [19–25], and out-of-equilibrium (quench) dy-
namics [26–33]. In one dimension, the simplest model ex-
hibiting a topological phase transition is the celebrated Su-
Schrieffer-Heeger (SSH) model, describing a tight binding
one-dimensional lattice with staggered hopping ampli-
tudes [34, 35]. The SSH model exhibits two distinct topo-
logical phases characterized by different values of Zak
phase [17]. Such topological phases have been experi-
mentally observed in different physical settings, including
cold-atom platforms [17], photonic systems [20, 21, 23]
and topological circuits [36].
The identification of topological phases by means of
quantum-information-oriented indicators is a rather new
and exciting area of research, which remains largely unex-
plored. Previous studies highlighted the interplay between
topology and entanglement entropy, entanglement spec-
trum and multipartite entanglement [37–40]. In particular,
entanglement was used as a probe in the spin- 1/2 Heisen-
berg model on the kagome lattice [41] and in the Kitaev
model [42] while, for the SSH model, bipartite ground-
state entanglement was shown to exhibit a non-analytical
behavior around the topological phase transition [43].
∗ Corresponding author E-mail: gianluca@ifisc.uib-csic.es
1 IFISC (UIB-CSIC), Instituto de Fisica Interdisciplinar y Sis-
temas Complejos Universitat de les Illes Balears-Consejo Su-
perior de Investigaciones Cientificas, UIB Campus, E-07122
Palma de Mallorca, Spain
2 Dipartimento di Fisica - Politecnico di Milano, Piazza Leonardo
da Vinci 32, 20133 Milan, Italy
3 Istituto di Fotonica e Nanotecnologie - Consiglio Nazionale
delle Ricerche, Piazza Leonardo da Vinci 32, 20133 Milan,
Italy
Copyright line will be provided by the publisher 1
ar
X
iv
:1
90
7.
05
08
0v
1 
 [q
ua
nt-
ph
]  
11
 Ju
l 2
01
9
G. L. Giorgi et al.: Quantum probing topological phase transitions by non-Markovianity
One of the most important topics recently developed
in the field of open quantum systems is certainly the
search for memory effects in large environments. Then,
a variety of approaches has been proposed to quantify
the amount of non-Markovianity focusing on Markovian
approximations in open quantum systems, the character-
ization of memory effects and their quantitative estimate
by non-Markovianity measures [44–47]. This is because a
precise knowledge of the environmental properties can
be exploited to mitigate dissipation or to exploit it by en-
gineering the bath [51, 52].
In this paper, we propose a quantum probing scheme
based on an external read-out qubit where topological
phase transitions are revealed by non-Markovianity mea-
sure. While previous bulk probing methods require rather
generally to access the dynamical evolution in the lattice
[17, 20, 21, 23], in our setting the probing is fully external
and topological phases are retrieved by the decoherence
dynamics of the qubit. In open quantum systems, non-
Markovian quantum probes have been recently explored
to extract information from environments [48–50, 52–54].
In particular, local and global external probes of many-
body systems have been considered looking at their non-
Markovianity in connection with quantum phase tran-
sition in Ising models [54], superfluid-to-Mott-insulator
transition [50] and Anderson localization in disordered
environments [48].
Our main idea is illustrated by considering decoher-
ence dynamics of a qubit locally probing a SSH lattice by
either pure dephasing or dissipative interaction. A sharp
transition between non-Markovian and Markovian dy-
namics is observed when the SSH gap closes and reopens
into a different topological phase. The local interaction
between the chain and the probe gives rise to new states,
localized around the probe [bound states (BSs)], the num-
ber and the symmetry properties of which are strongly
dependent on the topological phase of the SSH chain. This
enables the sharp transition between non-Markovian and
Markovian dynamics of the (out-of-equilibrium) probe.
For a dephasing qubit the relation between Loschmidt
echo and the information flow between the probe and
the system was reported in Ref. [54]. This read-out of the
topological phase is robust, as different measures of non-
Markovianity coincide for dephasing probe and, further-
more, it does not need fine tuning of probing strengths.
On the other hand the dissipative qubit scheme allows to
read-out the topological phase with an even sharper tran-
sition but its operation is limited to a restricted probing
strengths regime.
The paper is organized as follows. Section 2 provides
the description of the SSH model and of its dephasing
interaction with the external qubit used as a probe. The
decoherence dynamics of the probe and the exact energy
spectrum of the coupled qubit-bath system are presented
in Section 3. The non-markovian features of the probe
dynamics are discussed in Section 4, where we show how
the topological phase transition of the SSH chain can be
revealed by a non-Markovian quantifier. The main con-
clusions are outlined in Section 5. Finally, some technical
details and a different coupling scheme are presented in
two Appendices.
2 Model
We consider a one-dimensional SSH lattice probed by a
qubit interacting with the unitary cell of the lattice (Fig. 1).
Indeed, if the interaction were limited to a single site, sym-
metry reasons would rule out any difference between the
two topological phases. The Hamiltonian of the full sys-
tem is given by
H =HSSH +HI +HP (1)
where HP is the Hamitonian of the probe qubit,
HSSH = t1
N∑
n=1
(a†nbn +hc)+ t2
N∑
n=1
(a†nbn−1+hc), (2)
is the Hamiltonian of the SSH chain, with a,b either
fermionic or bosonic annihilation operators and HI de-
scribes the qubit-chain interaction. The SSH chain com-
prises N unit cells, and periodic boundary conditions
are assumed. As for interaction term, it can be either of
dissipative or dephasing nature for the probe. Here we
will primarily focus on the dephasing scenario, as it al-
lows for a direct link between topology detection and non-
Markovianity. Signatures of the topological phases can be
also found looking at the non-Markovianity of the probe
dynamics in the dissipative case, but the results there are
less direct and will be described in detail in Appendix A.
The interaction Hamiltonian in the pure dephasing
case, (where the probe Hamiltonian can be written as
HP = (ω0/2)σz , with σz = |e〉〈e| − |g 〉〈g | the pseudospin
operator associated to the probe qubit), analogous to
what normally used in quantum nondemolition proto-
cols, can be obtained working in the dispersive coupling
limit: if we denote with and we label with 0 the chain cell
at which the probe is coupled,
HI = γ I+σz
2
⊗ (a†0a0+b†0b0) (3)
where γ measures the coupling strength. This σz ⊗n in-
teraction has been reported in the 90′s for atom-light in-
teraction in the dispersive limit [55, 56]. In these experi-
ments, Rydberg atoms interact with microwave photons
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Figure 1 (Color online) Schematic view of the probing model.
A cell of the SSH chain is coupled to an external qubit whose
dephasing dynamics is monitored to detect topological phases
of the chain.
far from resonance, in high-Q superconducting cavities,
and this coupling models the energy shift proportional
to the number of signal photons. Dispersive couplings
have also been reported in dispersive optomechanics for
membranes in cavities when placed at the nodes of the
light field [57, 58] or in cavity quantum electrodynamics
for superconducting electrical circuits [59].
3 Decoherence dynamics
Taking as initial state at t = 0 a coherent state for the probe
Ce |e〉+Cg |g 〉 and a generic chain state |Ψ0〉 (that will be
chosen in the one-excitation sector), the evolution of the
probe reduced density matrix reads
ρp (t )=
(
|Ce |2 CeC∗g q(t )
C∗e Cg q∗(t ) |Cg |2
)
(4)
where the only time-dependent coefficient is given by
q(t )= 〈Ψ0|e iHSSH te−i H¯ t |Ψ0〉, (5)
with H¯ =HSSH+γ(a†0a0+b†0b0). Its modulus square L(t )=
|q(t)|2 is known as Loschmidt echo (LE) and is a direct
measure of decoherence. This is typical of pure dephasing
dynamics, where the probe decoherence rate is fully deter-
mined by a quantity that only depends on environmental
degrees of freedom. In order to determine the dynamics
of the LE, it is then necessary to study the properties of
the renormalized Hamiltonian H¯ , which corresponds to
an effective SSH chain displaying a potential-site defect
at the n = 0 unit cell. For a sufficiently large number of
sites, H¯ keeps the two-band structure of HSSH . However,
up to four BSs around the impurity can emerge that can
deeply affect the probe dynamics. A way to determine the
presence and the shape of BSs is based on a simple Ansatz
that exploits the mirror symmetry of H¯ . If such states exist,
their wavefunction must be either even or odd around the
impurity cell 0, that is, they can be written as
|ψ〉± = [c0(a†0±b†0)+c1(b†−1±a†1)+c2(a†−1±b†1)+. . . ]|0〉 (6)
From the time-independent Schrödinger equation, these
two families of states lead to two sets of coupled equations
that can be solved analytically in the thermodynamic limit
through a scaling Ansatz. Taking into account the struc-
ture of the model, we can introduce the dimeric localiza-
tion parameter X and the dimer imbalance parameter Y
such that
c2n = c0X−n n ≥ 1 (7)
c2n+1 = c2nY n ≥ 0 (8)
with |X | > 1 for localization. The eigenenergy and local-
ization/imbalance parameters are found as solutions of
coupled algebraic equations; details are given in Appendix
B. Depending on the ratio t1/t2, we face two different sce-
narios: (i) For t1 < t2, there are always two symmetric BSs,
irrespective of the strength of the coupling constant γ.
As for the antisymmetric equations, we have two solu-
tions for t1 < γ/2, while no solutions are found whenever
t1 > γ/2. (ii) For t1 > t2, there exist one symmetric and one
antysymmetric solutions, without any dependence on γ.
The band structure of H¯ and diagram of BSs is presented
in Figs. 2(a) and (b) for the two topological phases as a
function of the coupling γ; the behavior of the localization
parameter X as a function of t1/t2, which determines the
boundary of existence of BSs, is given in Appendix B. The
energy spectrum is composed by the two minibands of
the SSH lattice, with gap separation |t1−t2|, and a number
of BSs (point spectrum) with energies either in the gap or
above the upper miniband (Fig. 2). As commented above,
the symmetry properties of such BSs change drastically
across the critical point t1/t2 = 1: irrespective of the value
of γ, in the phase t1 < t2, there is an even number of sym-
metric BSs and an even number of antisymmetric BSs,
while both symmetric and antisymmetric BSs appear in
an odd number in the phase t1 > t2.
In the case γ < 2t1, which is the most typical oper-
ational regime, the qubit-SSH system sustains two BSs.
The two BSs are both symmetric in the topological phase
t2 > t1, whereas in the topological phase t2 < t1 they have
opposite parity. This is because, at the gap closing point
t2 = t1, the parity of the in-gap bound state changes from
symmetric to anti-symmetric [see Fig. 2(c)]. The flip of
parity of the in-gap bound state at the band closing point
is a topological property, related to the topological phase
transition of the SSH chain, and it turns out to be robust
Copyright line will be provided by the publisher 3
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against off-diagonal disorder in the chain, as shown in
the next section. Indeed, the two bound states present for
γ< 2t1 (assuming γ> 0, which makes the defect Hamil-
tonian nonnegative) directly derive from the two upper
band-edge states of the SSH chain, which are expelled
from their respective bands in the presence of the renor-
malization induced by the probe, as their energies are
lifted up. These band-edge states have energies respec-
tively |t1 + t2| and −|t1 − t2|, as it can be obtained from
equations (B-3) and (B-4) taking γ→ 0. As the cell defect
does not break the spatial mirror symmetry of the model,
the new BSs must belong to the same symmetry sector of
their zero-defect limit states. Now, while the band-edge
state with energy |t1+ t2| is is completely uniform along
the chain and symmetric independently on the topologi-
cal phase of the SSH model, the state with energy−|t1−t2|
is a symmetric one for t1 > t2 while is antisymmetric for
t1 < t2. This change of symmetry directly originates in the
SSH winding number, as it is critically related to the eigen-
values in the momentum space. Thus, the flip of parity of
the in-gap bound state is due to the change of topological
phase of the SSH chain. In the context of different topo-
logical models, a dependence of defect-induced in-band
BSs on the symmetries of the model was also reported in
Refs. [60, 61].
4 Non-Markovianity measure and
topological phase transition
The presence or the absence of BSs and their symmetry
properties deeply change the decoherence dynamics of
the qubit. In particular, the parity flip of the in-gap BS at
the band closing point can be exploited to reveal the topo-
logical phase transition of the SSH bath. In fact, depend-
ing on the system parameters and on the initial state of
the chain, the coherence (5) can experience either a pure
exponential decay or oscillatory behavior. In particular,
we are interested in studying the behavior of the coher-
ence and LE around the topological critical point t1 = t2
and to relate the phase transition to the non-Markovianity
measure. Let us assume that the initial state of the lattice
is an anti-symmetry state |ΨA0 〉 around the impurity cell.
The choice of such a state is motivated by the fact that its
symmetry properties makes it especially sensitive to the
topological phase, however we stress that our results hold
even though the initial state is not perfectly antysimmet-
ric, i.e. our probing protocol is robust against unavoidable
imperfections in the initial state preparation of the sys-
tem. The dynamics of |ΨA0 (t)〉 will be greatly affected by
the presence of BSs and by their symmetries, which are in
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Figure 2 (Color online) Energy spectrum of H¯ as a function
of the coupling γ for t1 = 1 and t2 = 1.5 [panel (a)] and for
t1 = 1.5 and t2 = 1 [panel (b)]. The pink (gray) bands represent
the continuum spectrum and are those of the bare HSSH chain.
BSs are denoted by solid lines if they are symmetric or by
dashed lines if they are anti-symmetric (see main text). (c)
Energy spectrum of H¯ as a function of the coupling ratio t2/t1
in the regime γ< 2t1 (γ= 0.8t1 in the plot). At the gap closing
point t2 = t1, the parity of the in-gap bound state flips from
symmetric to anti-symmetric.
turn established by the topological phase of the SSH bath.
In fact, for t1 < t2, |ΨA0 〉 is orthogonal to both BSs, that are
indeed symmetric, while for t1 > t2 one of the two BSs will
contribute to the dynamics (see Fig. 2), which will even-
tually give rise to an oscillatory behavior of L(t). Since
the symmetry flipping of the in-gap BS requires the gap
to close and reopen in the other topological phase of the
SSH chain [fig. 2(c)], the qualitative change of the LE, from
exponential-like to oscillatory-like, is thus of topological
origin. Examples of the decay dynamics of the coherence
|q(t)| in the two different topological phases are given
in the inset of Fig. 3. In the simulations, the initial state
belongs to the one-excitation sector
|ΨA0 〉 = (1/2)(a†0−b†0+a†1−b†−1)|0〉, (9)
corresponding to an anti-symmetric state homogeneously
distributed over two unit cells, and the time evolution is
computed in the two topological phases for a fixed value
of the coupling γ/t1. For t2 > t1, the dynamics of |ΨA0 〉 is
blind with respect to the two BSs and only depends on
4 Copyright line will be provided by the publisher
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Figure 3 (Color online) Numerically-computed non-
Markovianity quantifierNT (T = 150 t1) as a function of t2/t1.
The initial state is |ΨA0 〉 = (1/2)(a†0−b†0+ a†1−b†−1)|0〉. The
behavior of NT is shown for three different values of the
ratio γ/t1 [γ/t1 = 0.8 (red), γ/t1 = 1.2 (blue), and γ/t1 = 1.6
(black)]. In all cases a clear phase transition is observed at
t1 = t2, with NT almost vanishing in the t2 > t1 topological
phase. Longer times would slightly modify the value of NT ,
as the initial oscillations would weight less. The inset shows
the detailed dynamics of the coherence |q(t)| in the two
distinct topological phases for the same coupling strength
γ= 1.2t1. Curve 1: t2 = 0.6t1 (red); curve 2: t2 = 1.4t1 (blue).
A chain of N = 200 cells has been considered in the numerical
simulations.
the interaction with the continuous bands. Then, after
a very small initial bounce, the system will end up in an
equilibrium steady state. On the other hand, for t2 < t1,
the anti-symmetric BS of H¯ will significantly influence
the dynamics resulting in the macroscopic oscillation of
the coherence. It is important here to remark that this
behavior is independent of a fine tuning of γ (which needs
to satisfy γ < 2t1), that would only affect the details of
q(t ). In other words, a sharp transition between stationary
and oscillating regimes is always observed, regardless of
the coupling strength γ, since it is fully determined by
topology. Also, such a scenario holds for rather arbitrary
initial preparation of the lattice, that could deviate from
an exact anti-symmetric state.
The oscillations of the LE correspond to a periodic re-
flux of information from the bath back to the probe, which
can be studied in terms of non-Markovianity through, for
instance, the quantifierN of Ref. [62]. Such a quantifier
of memory flow-back is based on the observation that in
Markovian processes the distinguishability between pairs
of quantum states decreases in time. Then, the existence
of time windows where this contractive property is vio-
lated witnesses the presence of non-Markovianity in the
dynamical map. In the case of pure dephasing, as shown
in Ref. [63],N can be directly calculated as the integral
of d
p
L(t )/dt extended over the time intervals where the
derivative L˙ is positive. It is particularly convenient that,
actually, in the presence of pure dephasing, different mea-
sures of non-Markovianity coincide [44, 47, 62], as they
only depend on a single time-dependent function (the LE
in our case). This also implies thatN is easily accessible
in experiments, as shown for instance in Ref. [64] in the
case of photons.
As already pointed out in Refs. [48, 65],N diverges if
|q(t )| exhibits oscillations, as it happens in our case. This
drawback can be simply circumvented by time averageN
over several periods of oscillations: we can in fact define
NT = 1
T
∫ T
0 L˙>0
dt
d
p
L(t )
dt
, (10)
From an experimental point of view, usingNT instead of
N has no physical implications, as the probe dynamics
has to be measured in finite time intervals in both cases.
In Fig. 3,NT is displayed for three different chain-probe
coupling constants as a function of t2/t1. The transition
observed is continuous around the critical point, as it is
determined by the spectral weight of the antisymmetric
BS with respect to the initial state. This quantity is exactly
zero for t1 = t2 and then starts building up in a continuous
fashion as the BS gets more localized. The discontinuity in
the derivative (as in ordinary first-order phase transitions)
of NT showed in Fig. 3 tells us that non-Markovianity
provides a sharp indicator that can be used as an effective
order parameter to identify the topological phase.
The topological protection of edge states in the SSH
model against off-diagonal disorder, i.e. disorder in the
hopping amplitudes that respects the chiral symmetry of
the system, is a well established feature. Likewise, in our
qubit-bath system we argue that the symmetry flip of the
in-gap BS at the gap closing point, shown in Fig. 2(c), is not
destroyed by moderate disorder in the system that does
not break chiral symmetry. This means that our probing
protocol, based on the non-Markovian measure NT , is
robust against imperfection in the system. In order to test
the robustness of our probing protocol, we numerically-
computedNT versus t2/t1 when the qubit is coupled to
a disordered SSH chain, i.e. with inhomogeneous values
of the ratio t2/t1. In the numerical analysis, disorder has
been simulated by assuming t1 = 〈t1〉(1+δt1) for the intra-
dimer hopping amplitude, where 〈t1〉 is the mean value
of t1 and δt1 a random variable with uniform distribution
in the range (−δ,δ). Clearly, in the disordered system the
parity (odd/even) symmetry of the eigenstates of H¯ is lost
because spatial inversion symmetry around the qubit site
Copyright line will be provided by the publisher 5
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is broken, so that BSs can not be classified anymore as
symmetric or antisymmetric states. Nevertheless, we can
introduce an indicator of the symmetry of an eigenstate
about the defect unit cell via a parity indexP defined as
follows
P = 1
2
∑
n |an +b−n |2∑
n
(|an |2+|bn |2) (11)
with 0 ≤ P ≤ 1, P = 1 for an exact symmetric state
(an = b−n) and P = 0 for an exact anti-symmetric state
(an = −b−n). Hence an eigenstate with parity index P
close to one means that the eigenstate is dominantly a
symmetric state, whereas an eigenstate with P close to
zero indicates that it is a dominant anti-symmetric func-
tion. Figure 4 shows the numerically-computed behav-
ior of the energy spectra and non-Markovianity quanti-
fier NT versus t2/〈t1〉 in a disordered SSH chain, com-
prising 301 unit cells, for two different values of disorder
strength and for γ = 0.8〈t1〉. The initial state is |ΨA0 〉 =
(1/2)(a†0−b†0+ a†1−b†−1)|0〉. An inspection of the energy
spectra indicates that, even for a moderate disorder in
chain, the BSs induced by coupling to the qubit keep a
high degree of parity, as measured by the parity indexP
[see the insets in Figs.4(b) and (e)], and that the parity of
the in-gap BS is flipped as the gap closes and reopens at
t2 = 〈t1〉. The main difference as compared to the ordered
lattice is that the value of NT in the 〈t1〉 < t2 topologi-
cal phase does not vanish but settles down to a steady
value that increases as the disorder strength increases.
This behavior is likely to be ascribed to Anderson local-
ization of bulk states in the lattice, which enhances non-
Markovianity [48]. Such an enhancement is featureless
as t2/〈t1〉 is varied, so that the signature of the topologi-
cal phase transition is still clearly visible and the effect of
disorder is basically to provide a bias toNT , as shown in
Figs.4(c) and (f).
Before concluding, let us remark that the connection
between non-Markovianity and probing of topological
phases is strengthened by the fact that it is not strictly re-
lated to the model discussed so far but can be also found
in the presence of a very dissimilar probe-chain interac-
tion (dissipative coupling). In fact, as detailed in Appendix
A, also in this different probing protocol, characterized by
the interaction Hamiltonian HI = γ[σ+(a0+b0)+σ−(a†0+
b†0)] [66], it is possible to detect the topological phase tran-
sition by looking at the behavior ofNT . The main differ-
ence with respect to the dephasing case is that an abrupt
transition in the non-Markovianity measure only takes
place if we set γ= t1. Otherwise,NT cannot be taken as
an order parameter and a direct inspection of the shape
of the output would be necessary to infer the topologi-
cal phase (see Appendix A). Indeed, the number of BSs
would in any case determine the number of frequencies
observed in the output signal, which could be detected by
a spectral analysis. This feature can also be found in the
dephasing scenario in the case where initial state is not an
antisymmetric one. Indeed, the dependence of the parity
of the number of BSs on the topological phase of the SSH
chain would in any case warrant qualitatively different
probe dynamics and then different spectral contents.
5 Conclusions
Non-Markovianity and revivals of quantum coherence
have attracted a great attention in the past recent years
as potential resources in different contexts [44–47]. Here
we have shown how non-Markovianity can be harnessed
to externally probe the topological phases of quantum
matter, without the need to detect the dynamics of the
entire system. We have proposed a quantum-information-
inspired strategy to measure global topological invariants
of extended quantum systems by monitoring the decoher-
ence dynamics of an external probe locally coupled to the
system. The main idea has been illustrated by consider-
ing the non-Markovian dynamics of an external read-out
qubit probing a SSH chain both for dephasing and dissipa-
tive reduced dynamics. Exploiting the bound-state phase
diagram, one can choose a convenient set of possible ini-
tial states and tailor a very efficient probing protocol. In-
deed, it turns out that non-Markovianity does not vanish
solely in one of the two topological phases of the chain,
thus revealing its topological order and serving as a sharp
indicator for the transition between different phases. The
system we have described is suitable for experimental
implementation both in photonic and cold-atom plat-
form, where the SSH chain can be simulated, as well as
its coupling to the external probing qubit [66]. As com-
mented above, the dephasing dynamics can be achieved
working in the dispersive limit (strong detuning). Our re-
sults, besides of shedding new light onto the topological
significance of memory effects in the dynamics of open
quantum systems, suggest that topological phases can
provide a powerful means to control (either enhance or
suppress) quantum decoherence.
Appendix
A Dissipative Model
We consider a two-level system (qubit) as a probe of the
topological phase, dissipatively coupled to the SSH lattice
6 Copyright line will be provided by the publisher
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Figure 4 (Color online) Effect of hopping disorder on energy spectra and non-Markovianity quantifierNT . (a) Behavior of hopping
rate t1 versus number of unit cell in the lattice for a realization of disorder (disorder strength δ= 0.15). The qubit-bath coupling
is γ = 0.8〈t1〉. (b) Numerically-computed energy spectrum of H¯ versus t2/〈t1〉. The insets show the behavior of the parity
index P of the two BSs, indicating that parity flipping at the gap closing point is still observed in the presence of disorder. (c)
Numerically-computed non-Markovianity quantifier NT (T = 150 〈t1〉) as a function of t2/〈t1〉. The inset shows the detailed
dynamics of the coherence |q(t )| in the two distinct topological phases for t2 = 0.6〈t1〉 (curve 1, red) and t2 = 1.4〈t1〉 (curve 2,
blue). (d-f) Same as (a-c), but for a disorder strength δ= 0.25.
as schematically shown in Fig. 1. The model of the qubit
dissipatively-coupled to a SSH lattice is defined by the
Hamiltonian Eq. (1), which is here rewritten for the sake
of clearness
H =HSSH +HP +HI , (A-1)
where
HP = ω0
2
σz (A-2)
is the Hamiltonian of the qubit with Rabi frequency ω0,
HSSH = ωa
∑
(a†nan +b†nbn) (A-3)
+ t1
∑
n
(a†nbn +hc)+ t2
∑
n
(a†nbn−1+hc)
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is the SSH Hamiltonian, with the band gap center at en-
ergy ωa , and
HI = γ[σ+(a0+b0)+σ−(a†0+b†0)] (A-4)
is the interaction term in the rotating-wave approxima-
tion. In the above equations, σz = |e〉〈e| − |g 〉〈g |, σ+ =
|e〉〈g |, σ− = |g 〉〈e| are the Pauli pseudo spin operators as-
sociated to the qubit with ground and excited states |g 〉
and |e〉, respectively, and γ is the strength of the qubit-
bath dissipative coupling. Here we consider the case
ω0 =ωa , corresponding to absence of decay in the weak-
coupling (markovian) approximation, however we do not
make any assumption on the coupling γ, which could be
of the same order of magnitude or even larger than the
hopping rates t1,2 of the SSH chain, i.e. of the width of
energy bands/gap (strong coupling regime).
Bound states and decay dynamics. Let us assume that
at initial time t = 0 the SSH chain is in the vacuum state,
while the probing two-level system is prepared in the ex-
cited state, i.e. |ψ(0)〉 = |e〉⊗ |0〉. Apart from a phase term
rotating at the frequency ω0, the time-evolved state can
be written as
|ψ(t )〉 = q(t )|e〉⊗ |0〉+ |g 〉⊗∑
n
(
αn(t )a
†
n +βn(t )b†n
)
|0〉
(A-5)
where the amplitudes q(t ), αn(t ) and βn(t ) satisfy the
coupled evolution equations
i
dαn
dt
= t2βn + t1βn−1+δn,0γq (A-6)
i
dβn
dt
= t2αn + t1αn+1+δn,0γq (A-7)
i
dq
dt
= γ(α0+β0) (A-8)
with the initial conditions αn(0) = βn(0) = 0, q(0) = 1.
Equations (A-6–A-8) can be written in compact form as
i
d
dt
αnβn
q
=H
αnβn
q
 (A-9)
whereH is the Hamiltonian of the system in the single-
excitation sector. Clearly, |q(t )|2 is the probability that the
two-level system remains in the excited state at time t .
More generally, if at initial time the qubit is in a mixed
state described by the density matrix ρi ,k = 〈i |ρ(0)|k〉
(i ,k = g ,e) and the SSH lattice is in the vacuum state,
the reduced density matrix ρ(t) of the qubit at time t ,
obtained after tracing out the lattice degrees of freedom,
reads
ρ(t )=
(
|q(t )|2ρee q(t )ρeg
q∗(t )ρge (1−|q(t )|2)ρee +ρg g
)
(A-10)
Therefore, the coherence of the qubit decays as ∼ |q(t)|,
while the population as ∼ |q(t)|2. The temporal decay
law of q(t ) can be formally written as contour integral in
complex plane after solving Eqs. (A-6–A-8) using Laplace
transform (or Green-function) method. After an initial
transient, the behavior of q(t ) is determined by the poles
of the Green function, which correspond to BSs of the
HamiltonianH . Therefore, the decay behavior of the co-
herence ρeg (t )= q(t )ρeg is ultimately determined by the
number and frequencies of the BSs of the Hamiltonian
H .
Figures A-1(a) and (b) show the energy spectrum of the
HamiltonianH versus the coupling γ for the two topo-
logical phases t1 < t2 and t1 > t2 of the SSH lattice. The
energy spectrum clearly comprises a continuous spec-
trum which reproduces the two bands of the SSH lattice,
separated by the gap |t1− t2| and independent of the topo-
logical phase of the lattice, and a number of BSs, localized
near n = 0, which depend on the topological phase of
the lattice. Clearly, for symmetry reasons the BSs can be
classified as even (symmetric) and odd (anti-symmetric)
modes, corresponding to β−n = ±αn . It can be readily
shown that BSs with odd symmetry (β−n =−αn) do not ex-
ist, while even-symmetric BSs (β−n =αn) can be searched
by making the Ansatz
αn = c1X−n exp(−iEt ) n ≥ 1 (A-11)
βn = c2X−n exp(−iEt ) n ≥ 0 (A-12)
q = q0 exp(−iEt ) (A-13)
In the above equations, E is the eigenenergy of the BS, X
is related to its localization length (with |X | > 1 for local-
ization), c1,2 are constant amplitudes that determine the
relative occupation of the the excitation in the two sublat-
tices of the SSH chain, and q0 is the occupation amplitude
of the qubit. The above Ansatz provides an eigenstate of
the Hamiltonian H provided that the following condi-
tions are met
Ec1 = (t1+ t2X )c2 (A-14)
Ec2 = (t1+ t2/X )c1 (A-15)
(E − t1)c2 = c1t2/X +γq0 (A-16)
Eq0 = 2γc2. (A-17)
From Eqs.(A-14) and (A-15), it readily turns out that the
energy E of the BS is related to the localization parameter
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Figure A-1 (Color online) (a,b) Energy spectrum (band diagram) of the HamiltonianH , for (a) the topological phase t1 < t2, and
(b) t1 > t2. In (a), there are three bound states (BSs), denoted by Ia, IIa, and IIIa: a zero-energy topologically-protected state (Ia),
and two BSs without topological protection that emanate from above and from below of the upper and lower bands. Mode IIa is
thresholdless, whereas mode IIIa exists for γ> γ1 ≡
p
t1(t1+ t2). In (b) all three modes do not have topological protection. Mode
Ib is thresholdless but disappears for γ> γ2 ≡
p
t1(t1− t2), mode IIb is thresholdless and does exist for any value of coupling γ,
whereas mode IIIb exists for γ> γ1 ≡
p
t1(t1+ t2). Parameter values used in the plots are t1 = 1, t2 = 2 in (a), and t1 = 2, t2 = 1
in (b). The insets show the coupling of the qubit with the SSH chain in the flat band limit [t1 = 0 in (a) and t2 = 0 in (b)], where
only few sites of the lattice can be populated and the number of bund states [three in (a) and two in (b)] can be readily derived
from symmetry considerations. (c) Domain of existence of BSs of the HamiltonianH in the (t2/t1,γ/t1) plane. The vertical
dashed line separates the two topological phases t1 < t2 and t1 > t2 of the SSH lattice.
X by the dispersion relation
E2 = t21 + t22 + t1t2(X +1/X ) (A-18)
while the amplitudes c2 and q0 are the solutions to the
homogeneous system of equations
(t21 + t1t2X −Et1)c2−γEq0 = 0 (A-19)
2γc2−Eq0 = 0. (A-20)
The solvability condition of the homogeneous system
yields either E = 0 or
E = t1+ t2X −2γ2/t1. (A-21)
For E = 0 one obtains c2 = 0, X = −t2/t1, q0/c1 = t1/γ.
The localization condition |X | > 1 indicates that the zero-
energy BS exists in the topological phase t2 > t1 solely.
Note that this state shows topological protection, i.e. its
energy does not change as the ratio t1/t2 is varied until
the gap is closed. The other possible values of energies
are obtained by solving the nonlinear system of equations
(A-18) and (A-21). After elimination of the energy E , the
following cubic equation for the localization parameter X
is obtained
X 3+ s1X 2+ s2X + s3 = 0 (A-22)
with coefficients
s1 = t1
t2
−4 γ
2
t1t2
(A-23)
s2 = −1−4γ
2
t22
+4 γ
4
t21 t
2
2
(A-24)
s3 = − t1
t2
. (A-25)
The acceptable roots of Eq.(A-22) are those with |X | > 1
(for localization of the BS) and X real (because the energy
E should be real). Once an acceptable root X of the cu-
bic equation has been found, the corresponding energy
eigenvalue is obtained from Eq.(A-21).
The boundaries for existence of BSs in the (t2/t1,γ/t1)
can be readily found by setting X =±1 in Eq.(A-22). The
states with X = 1 correspond to emergent BSs that em-
anate from the top (or the bottom) of the upper (or lower)
band, whereas the states with X =−1 emanates from the
bottom (or the top) of the upper (or lower) band. The
domain of existence of BSs and typical band diagrams
for the two different topological phase t1 < t2 and t2 > t1
are illustrated in Fig.A-1. As shown above, in the topolog-
ical phase t1 < t2 there is always one BS at zero energy
(denoted by Ia in the figure), which shows topological
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Figure A-2 (Color online) Decay behavior of the coherence
|q(t)| for (a) t2/t1 = 0.3, and (b) t2/t1 = 1.5. (c) Behavior of
the non-Markovianity measureNT versus t2/t1. In the simula-
tions we assumed γ= t1 and time is in units of 1/t1.
protection likewise an edge state of the SSH chain. There
are also other two edge states without topological protec-
tion, one being thresholdless (mode IIa) while the other
one (mode IIIa) emerges from the bottom of the lower
band at γ> γ1 ≡
p
t1(t1+ t2); see Fig.A-1(a). In the other
topological phase t1 > t2 one can find upmost two BSs
without topological protection. A first BS (mode Ib) is
thresholdless and falls into the continuum of lower band
at γ> γ2 ≡
p
t1(t1− t2). The second BS (mode IIb) is tresh-
oldless and its energy lies above the upper band, while the
third BS (mode IIIb) emerges from the bottom of the lower
band at γ> γ1; see Fig.A-1(b). Note that in the limit of flat
bands t1 → 0 or t2 → 0 in the two topological phases, there
are three and two BSs, respectively. The different number
of BSs stem from the fact that, in the flat band limit, the
qubit probes a finite but different number of sites of the
SSH chain, as schematically shown in the insets of Fig.A-
1(a) and (b). In Fig.A-1(a), there are five sites overall that
can be occupied, corresponding to five states, two with
odd symmetry and the other three with even symmetry.
Since only the even modes have excitation in the qubit,
one concludes that there are three BSs relevant for the
 time
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Figure A-3 (Color online) Numerically-computed behavior of
the coherence |q(t )| =pL(t ) for (a) t1 = 2, t2 = 1, γ= 3, and
(b) t1 = 1, t2 = 2, γ = 3. The insets show the spectrum (in
arbitrary units and on a log scale) of L(t). Note the different
numbers of peaks in the frequency spectrum in (a) and (b),
related to the different numbers of BSs in the two topological
phases t1 > t2 and t1 < t2.
qubit decay dynamics. On the other hand, in Fig.A-1(b)
there are only three sites overall that can be occupied, cor-
responding to three states with defined symmetry. Only
the two states with even symmetry have excitation in the
quibit, and therefore in this case we have two BSs relevant
for the decay dynamics of the qubit.
Recoherence and non-Markovianity measure. The
decay dynamics of the coherence |q| comprises an ini-
tial transient decay followed by a non-decay dynamics
which can be oscillatory or non-oscillatory depending on
the number of BSs of the HamiltonianH , as in the de-
phasing coupling scheme discussed in the main text. The
most interesting case is attained when the coupling γ of
the qubit with the SSH bath is set equal to t1. As t2 is varied
from below to above t1, so as the gap closes and the SSH
lattice undergoes a topological phase transition, the de-
cay of coherence shows a qualitative change, as depicted
in Fig.A-2. In the topological phase t1 < t2, there are two
BSs so as the asymptotic behavior of |q(t)| is oscillatory
at a frequency given by the energy separation of the two
BSs [see Fig.A-2(b)]. On the other hand, in the topologi-
cal phase t1 > t2 there is only one BS and, after an initial
transient, the coherence settles down to a steady-state
(non-oscillatory) value [Fig.A-2(a)]. As discussed in the
main text and according to [62], non-Markovianity can
be quantified through the lack of contractiveness of the
dynamical map. Given the map of Eq. (A-10),N is fully
determined by the recoherence time windows of |q(t)|
[67]. As discussed in the pure dephasing scenario, the os-
cillatory behavior of ρ(t) would lead to a divergence of
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non-Markoviantity, whose behavior can be regularized
introducing the temporal average
NT = 1
T
∫ T
0 ˙|q |>0
dt
d |q(t )|
dt
, (A-26)
where the integral is extended over the time intervals
where the derivative (d |q|/dt ) is positive. For long times
T it turns out thatNT vanishes in the topological phase
t1 > t2, while it reaches a steady and non-vanishing value
in the t1 < t2 topological phase. The vanishing of non-
Markovianity for a unique value of the system parame-
ters was also reported in a different context in Ref. [68].
Therefore, the non-Markovianity measureNT provides
an order parameter of the topological quantum phase
transition. This is shown in Fig.A-2(c), where we numeri-
cally computed the non-Markovianity measureNT , after
an initial transient decay dynamics, versus the ratio t2/t1
with γ= t1.
Clearly, for a coupling γ different than t1, the non-
Markovianity measure does not provide an order parame-
ter of the topological quantum phase transition of the SSH
lattice. Nevertheless, in the strong coupling regime γ> γ1,
the signature of the quantum topological phase transition
can be detected by the qualitative distinct behavior of the
coherence |q(t )| after the initial fractional decay transient,
as shown in Fig.A-3. In the topological phase t1 > t2, there
are two BSs and therefore the coherence |q(t)| shows a
single-frequency oscillatory dynamics [Fig.A-3(a)], which
is clearly visible in the three-peaks structure of the fre-
quency spectrum of L(t ) [see the inset of Fig.A-3(a)]. On
the other hand, in the topological phase t1 < t2, there
are three BSs and therefore the coherence |q(t)| shows
a multi-frequency and rather generally aperiodic oscilla-
tory dynamics [Fig.A-3(b)], which is clearly visible in the
seven-peaks structure of the frequency spectrum of L(t )
[see the inset of Fig.A-3(b)].
B Dephasing coupling: bound states
In this section, we will mainly focus on the analytical cal-
culation of the BSs for the dephasing model of Eqs. (1-3).
Starting from the states defined by Eq. (6) in the main text,
we look for possible solutions to the Schrödinger equa-
tions H¯ |ψ±〉 = E±|ψ±〉, with H¯ = HSSH +γ(a†0a0 +b†0b0).
One readily obtains
H¯ |ψ〉± = {γ˜±c0(a†0±b†0)+ c0t2(b†−1±a†1)+
+c1[t2(a†0±b†0)+ t1(a†−1±b†1)]+ . . . }|0〉 = E±|ψ〉±,
(B-1)
where γ˜± = γ± t1. Notice that solving these equations is
equivalent to taking as an effective Hamiltonian a semi-
infinite chain obtained by cutting the original one in the
middle of the impurity cell and replacing the impurity
energy with γ˜±. This renormalization is due to a “bounce"
around the impurity. In the limit of a chain much longer
than the localization of the BSs, the dimerically tailored
Ansatz c0 = X nc2n and c2n+1 = Y c2n allows one to write
two sets of closed equations
γ˜±t1+Y t2 = E±
t2+ t1/X = E± Y
t2+ t1 X = E±/Y .
(B-2)
The quantity X determines the localization length of the
BSs expressed in cell units, and the condition |X | > 1
should be satisfied for localization. In other words, so-
lutions of (B-3) corresponding to |X | < 1 are not BSs of
(B-1) and must be discarded. The explicit solutions (two
for any of the systems) for the energies are the following:
E±+ =
γ2+2t21 +2γt1±
√(
γ2+2γt1
)2+4t22 (γ+ t1)2
2(γ+ t1)
(B-3)
and
E±− =
γ2+2t21 −2γt1±
√(
γ2−2γt1
)2+4t22 (γ− t1)2
2(γ− t1)
(B-4)
while the respective localization length parameters are
X±+ =
γ2+2γt1±
√(
γ2+2γt1
)2+4t22 (γ+ t1)2
2t1t2
X±− =
γ2−2γt1±
√(
γ2−2γt1
)2+4t22 (γ− t1)2
2t1t2
(B-5)
and the dimer imbalances are
Y ±+ =
γ+ t1
t1
1
X±+
Y ±− =
γ− t1
t1
1
X±−
. (B-6)
Finally, the normalization condition of states |ψ〉± deter-
mines the value of c0, which reads
c0 =
√
1− (1/X )2
2(1+Y 2) . (B-7)
for any of the four solutions. In Fig. B-1, we plot the inverse
of the localization length for a fixed value ofγ as a function
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G. L. Giorgi et al.: Quantum probing topological phase transitions by non-Markovianity
0.5 1 1.5 20-1.5
1
0.5
0
-0.5
-1
continuum 
continuum 
t  2t  / 1
1/
X γ=2t   1
1.5
Figure B-1 Inverse of the localization length parameter and
conditions for the existence of the BSs. The curves display
symmetric solutions 1/X+ (dashed) and antysimmetric ones
1/X− (solid) as a function of t1/t2 for γ= 0.8t2. Three phases
can be clearly defined: for t1/t2 < γ/2, all the quantities are
smaller than one and four BSs are found; for γ/2< t1/t2 < 1
there are only two symmetric BSs, while for t1 < t2 there are
one symmetric and one anti-symmetric BS.
coupling 
e
n
e
rg
y
γ/
0 1 2 3 4 5
0
t 2
-t 2
t 2
a b t1 00
band 1
band 2
 (a)
0 1 2 3 4 5
0
coupling γ/t 1
 (b)
a b b a t 2 t 20 0 1-1
band 1
band 2
t 1
-t 1
Figure B-2 Energy spectrum of H¯ as a function of the cou-
pling γ in the flat band limit (a) t2 → 0, and (b) t1 → 0. The
bands shrink to two flat lines, while only few sites of the lat-
tice [two in (a) and four in (b)] interact with the qubit. In (a)
there are two BSs, one symmetric (solid line) and the other
one anti-symmetric (dashed line), while in (b) there are four
BS, two symmetric and the other two anti-symmetric, which are
degenerate in energy.
of t2/t1, that, together with Fig. 2 of the main text, gives us
the complete picture about the existence of BSs detailed
in the main text.
The reason why in one case there are always two BSs
and in the other one there can be four of them can be
understood looking at the flat-band limit (Fig.B-2). In the
phase t1 > t2, this limit corresponds to taking t2 = 0, which
means that the impurity cell is completely decoupled
from the rest of the dimers and can be described by the
cell Hamiltonian H t2=00 = t1(a†0b0+b†0a0)+γ(a†0a0+b†0b0),
which admits the pair of eigenstates of opposite parity
(a†0 ± b†0)|0〉 with eigenvalues γ± t1 [Fig.B-2(a)]. On the
other hand, in the other phase we would have t1 = 0.
Then, the Hamiltonian around the impurity would be
H t1=00 = t2(a†0b−1 + b†0a1 + h.c.)+ γ(a†0a0 + b†0b0), which
correspond to two disconnected dimers, each of them
admitting two eigenstates of different parity [Fig.B-2(b)].
The transition from four to two BSs cannot be analyzed
using the flat-band argument, as it only happens for finite
values of t1.
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